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COMPLEX BALANCED SPACES
JIXIANG FU, LINGXU MENG, AND WEI XIA
Abstract. In this paper, the concept of balanced manifolds are gen-
eralized to reduced complex spaces: the class B and balanced spaces.
Compared with the case of Ka¨hlerian, the class B is similar to the Fu-
jiki class C and the balanced space is similar to the Ka¨hler space. Some
properties about these complex spaces are obtained, and the relations
between the balanced spaces and the class B are studied.
keywords: class B, balanced space, balanced metric, Fujiki class C
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1. Introduction
In complex geometry, complex manifolds which admit Ka¨hler metrics
are studied by many mathematicians. Its topology and geometry have
been understood very deep. In 1978, A. Fujiki generalized first the concept
“Ka¨hler” to general complex spaces: the Ka¨hler space which is a complex
space admitting a strictly positive closed (1, 1)-form and the class C con-
sisting of the reduced compact complex spaces which is the meoromorphic
image of a compact Ka¨hler space (we call it the Fujiki class). In [15], Fujiki
proved that if a compact reduced complex space X is Ka¨hler, then every ir-
reducible component of the Douady space DX,red is compact. On the other
hand, he also proved that if X is in the Fujiki class C , then every irre-
ducible component of the Barlet space B(X) is compact. In [23] and [24],
J. Varouchas proved that any reduced complex space in the Fujiki class C
has a proper modification which is a compact Ka¨hler manifold.
In non-Ka¨hler geometry, the complex manifold with a balanced metric is
very important. A balanced metric on a complex n-dimensional manifold
is a hermitian metric such that its associated hermitian form ω satisfies
d(ωn−1) = 0. In [21], Michelsohn observed that the existence of a balanced
metric is equivalent to the existence of a closed strictly positive (n−1, n−1)-
form Ω, and hence characterized the existence of balanced metrics as follows:
Theorem 1.1 ([21], Theorem 4.7). Let M be a compact complex manifold.
Then M is balanced if and only if there is no nonzero positive current of
bidegree (1, 1) on M which is the (1, 1)-component of a boundary.
Fu is supported in part by NFSC.
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In 1993, L. Alessandrini and G. Bassanelli proved the following important
theorem, which is the foundation of this paper.
Theorem 1.2 ([7], Corollary 5.7). Let f : M → N be a modification of
compact complex manifolds. Then M is balanced if and only if N is balanced.
In this paper, we give two kinds of generalization of balanced manifolds
to reduced complex spaces: the class B and balanced spaces. In section
2, we study the properties of the class B, and give some examples which
are in B, but neither in C nor balanced manifolds. In section 3, we study
families of reduced complex spaces over nonsingular curves and give some
theorems on the total space being in B. In section 4, we study the relation
between compact balanced spaces and the class B. In the end, for the
reader’s convenience, we give an appendix about positivity.
2. The class B
Definition 2.1. A reduced compact complex space X is called in the class
B, if it has a resolution of singularities X˜ which is a balanced manifold.
Note that if a desingularization of X is balanced, then every desingu-
larization of X is balanced. Indeed, if X1 → X and X2 → X are two
resolutions of singularities of X, then there exists a bimeromorphic map
f : X1 99K X2. Let Γ ⊆ X1 × X2 be the graph of f , and p1 : Γ → X1,
p2 : Γ → X2 the two projections on X1, X2, respectively. Then p1, p2 are
modifications. If Γ˜ is a resolution of singularities of Γ, then Γ˜ → X1 and
Γ˜→ X2 are modifications of compact complex manifolds. By Theorem 1.2,
we know that X1 is balanced if and only if Γ˜ is balanced, and then if and
only if X2 is balanced. Hence Definition 2.1 is not dependent on the choice
of the resolution of singularities of X.
Using the same method as above, we can prove the following proposition.
Proposition 2.2. The class B is invariant under bimeromorphic maps.
According to Definition 2.1 and Proposition 2.2, compact balanced man-
ifolds, reduced compact complex spaces in the Fujiki class C and the nor-
malizations of complex spaces in B are all in B. Obviously, if X ∈ B is
nonsingular, then X is a balanced manifold.
Proposition 2.3. If X and Y are reduced compact complex spaces, then
X × Y is in the class B if and only if X and Y are both in the class B.
Proof. Let f : (X˜, E˜) → (X,E) and g : (Y˜ , F˜ ) → (Y, F ) be resolutions
of singularities, where E˜ and F˜ are the exceptional sets, and f(E˜) = E,
g(F˜ ) = F . If we define
G := (E × Y ) ∪ (X × F ), G˜ := (E˜ × Y˜ ) ∪ (X˜ × F˜ ),
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then
f × g : (X˜ × Y˜ , G˜)→ (X × Y,G)
is a resolution of singularities of X × Y .
Now, if X, Y ∈ B, then X˜ and Y˜ are balanced manifolds, so X˜ × Y˜ is
balanced. Hence X × Y ∈ B. Conversely, if X × Y ∈ B, then X˜ × Y˜ is
balanced by [21], Proposition 1.9 (i). By [21], Proposition 1.9 (ii) , X˜ and
Y˜ are balanced, and hence, X and Y are both in the class B.
Using this proposition, we can construct some examples of complex spaces
in B which are neither balanced manifolds nor in C . If X is a singular
reduced compact complex space in C and Y is a compact balanced manifold
but not in C , then X × Y is in B, but it is neither a balanced manifold
nor in C . Obviously, X × Y is singular, so it is not a balanced manifold.
By Proposition 2.3, X × Y ∈ B. Consider the surjective holomorphic map
X × Y → Y , by [15], Lemma 4.6.(3), we know X × Y is not in C .
Suppose dimX = n. For n = 2, X ∈ B if and only if X ∈ C , since
for a smooth complex surface, the balanced and Ka¨hlerian properties are
equivalent. For any n ≥ 4, if Y is a singular projective variety of dimension
n − 3 and I3 is the Iwasawa manifold, then Y × I3 is in class B, which is
neither a balanced manifold nor in C .
If X is a reduced compact complex space of pure dimension, then X ∈ B
if and only if every irreducible component of X is in B. Indeed, if let X˜1,
. . ., X˜r be the resolutions of singularities of X1, . . ., Xr, all the irreducible
components of X, then the disjoint union X˜:=X˜1 ∐ . . .∐ X˜r is a resolution
of singularities of X. Hence the conclusion follows since X˜ is balanced if
and only if X˜1, . . ., X˜r are all balanced.
In the following we need the definition of a smooth morphism ([10], (0.4)).
A surjective holomorphic map f : X → Y between reduced complex spaces
is called a smooth morphism, if for all x ∈ X, there is an open neighbourhood
W of x in X, an open neighbourhood U of f(x) in Y , such that f(W ) = U
and there is a commutative diagram
W
g

f |W
// U
∆n × U
pr2
;;
✈
✈
✈
✈
✈
✈
✈
✈
✈
where n = dimX−dimY , g is an isomorphism, pr2 is the second projection,
and ∆n is a small polydisc. Moreover, if dimX = dimY , a smooth morphism
is exactly a local isomorphism.
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Obviously, if f : X → Y is a smooth morphism, and Y is a complex
manifold, then X must also be a complex manifold and f is a submersion
between complex manifolds.
Proposition 2.4. Let f : X → Y be a smooth morphism of reduced compact
complex spaces. If X ∈ B, then Y ∈ B.
Proof. Suppose p : Y˜ → Y is a resolution of singularities. Consider the
following Cartesian
(1) X˜ := X ×Y Y˜
q

f˜
// Y˜
p

X
f
// Y
We have the following two claims.
Claim 1. f˜ is a smooth morphism, i.e. a submersion of complex manifolds.
Proof. For arbitrary x˜ = (x, y˜) ∈ X˜ , such that f(x) = p(y˜), we choose an
open neighbourhood W of x in X, an open neighbourhood U of f(x) in
Y , such that W ∼= ∆n × U , and under this isomorphism, f |W is exactly
the second projection pr2 : ∆
n × U → U . Considering the neighbourhoods
W ×U p
−1(U) of x˜ = (x, y˜) and p−1(U) of y˜, we have
W ×U p
−1(U) ∼= (∆n × U)×U p
−1(U) ∼= ∆n × p−1(U)
and under this isomorphism, the second projection ∆n × p−1(U)→ p−1(U)
is exactly f˜ :W ×U p
−1(U)→ p−1(U). Hence, f˜ is a smooth morphism.
Claim 2. q is a modification, hence a resolution of singularities of X.
Proof. We set F˜ ⊂ Y˜ , the exceptional set of p, and F = p(F˜ ). For arbitrary
x ∈ X, we choose W and U as above, then
f−1(F ) ∩W ∼= ∆n × (U ∩ F )
is a nowhere dense subset of W ∼= ∆n × U , hence f−1(F ) is nowhere dense
in X. Moreover,
q−1(f−1(F )) ∩W ×U p
−1(U) =W ×U (p
−1(U) ∩ F˜ ) ∼= ∆n × (p−1(U) ∩ F˜ )
is a nowhere dense subset ofW×Up
−1(U) ∼= ∆n×p−1(U), hence q−1(f−1(F ))
is nowhere dense in X˜ .
On the other hand,
q : X˜ − q−1(f−1(F )) = (X − f−1(F )) ×(Y−F ) (Y˜ − F˜ )→ X − f
−1(F )
is obviously an isomorphism, since Y˜ − F˜ → Y − F is isomorphic.
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Now, we can prove this proposition. Since X ∈ B, X˜ is a balanced
manifold, so is Y˜ by [21], Proposition 1.9(ii), hence Y is in the class B.
Proposition 2.5. If f : X → Y is a local isomorphism of reduced compact
complex spaces, then X ∈ B if and only if Y ∈ B. In particular, if f is an
unramified covering map, then X ∈ B if and only if Y ∈ B.
Proof. Suppose p : Y˜ → Y is a resolution of singularities. Consider the
Cartesian diagram (1). We have shown that f˜ is a local isomorphism and q
is a modification by Claim 1 and Claim 2 in the proof of Proposition 2.4.
If Y ∈ B, then Y˜ is a balanced manifold. Suppose Ω
Y˜
is a closed strictly
positive (n − 1, n − 1)-form on Y˜ , where n = dimY˜ . For any x˜ ∈ X˜,
there is an open neighbourhood W˜ of x˜ in X˜ and an open neighbourhood
U˜ of f˜(x˜) in Y˜ , such that f˜ |
W˜
: W˜ → U˜ is an isomorphism. Obviously,
(f˜∗Ω
Y˜
) |
W˜
= (f˜ |
W˜
)∗(Ω
Y˜
|
U˜
) is strictly positive, hence f˜∗Ω
Y˜
is a closed
strictly positive (n− 1, n− 1)-form on X˜. Hence X˜ is balanced and X ∈ B.
Conversely, it is obvious by Proposition 2.4.
Before considering the inverse of Proposition 2.4, we recall some defini-
tions of the forms and currents on complex spaces, following [19].
LetX be a reduced complex space, andXreg, which is a complex manifold,
be the set of nonsingular points in X.
Suppose that X is a subvariety of a complex manifold M . Let Ip,qX (M) =
{α ∈ Ap,q(M) | i∗α = 0}, where i : Xreg → M is the inclusion. Define
Ap,q(X) := Ap,q(M)/Ip,qX (M). It can be shown that A
p,q(X) is independent
of the embedding of X into M . Hence, for any complex space X, we can
define Ap,q(X) by using the local embeddings in CN . More precisely, we
define a sheaf of germs Ap,qX of (p, q)-forms on X and A
p,q(X) as the group
of its global sections. Similarly, we can also define Ap,qc (X) ((p, q)-forms with
compact supports), Ak(X) and Akc (X).
We can naturally define ∂ : Ap,q(X) → Ap+1,q(X), ∂ : Ap,q(X) →
Ap,q+1(X) and d : Ak(X)→ Ak+1(X).
If f : X → Y is a holomorphic map of reduced complex spaces, then we
can naturally define f∗ : Ap,q(Y )→ Ap,q(X) such that f∗ commutes with ∂,
∂, d.
When X is a subvariety of a complex manifold M , we define the space of
currents on X
D′2n−r(X) = D′r(X) := {T ∈ D
′
r(M) | T (u) = 0,∀u ∈ I
r
X,c(M)},
where D′r(M) is the space of currents on M , I
r
X,c(M) = {α ∈ A
p,q
c (M) |
i∗α = 0}. As the case of Ar(X), we can define a space D′r(X) of the currents
on any reduced complex space X. We define
D′n−p,n−q(X) = D′p,q(X) := {T ∈ D
′
p+q(X) | T (u) = 0,∀u ∈ A
r,s
c (M), (r, s) 6= (p, q)}.
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A current T is called a (p, q)-current on X, if T ∈ D′p,q(X). If T ∈ D′r(X) =
D′2n−r(X), we call r the dimension, 2n − r the degree of the current T . If
T ∈ D′p,q(X) = D
′n−p,n−q(X), we call (p, q) the bidimension, (n − p, n − q)
the bidegree of the current T .
Note. We use the terminology here as most papers now, but in [21],
(p, q)-current denotes a current of bidimension (p, q).
When f : X → Y is a holomorphic map of reduced compact complex
spaces, we can define f∗ : D
′
r(X) → D
′
r(Y ) f∗T (u) := T (f
∗u) for any u ∈
Arc(Y ). Obviously, f∗(D
′
p,q(X)) ⊆ D
′
p,q(Y ).
A current T ∈ D′p,p(X) is called real if for every α ∈ A2n−2pc (X), T (α) =
T (α). A real current T ∈ D′p,p(X) is called the (p, p)-component of a
boundary if there exists a current S such that for any α ∈ A2n−2pc (X),
T (α) = S(dαn−p,n−p), where αn−p,n−p is the (n − p, n − p)-part of α. We
write T = πp,pdS, which is equivalent to that there exists a (p, p−1)-current
Q such that T = ∂Q+ ∂Q.
A real (p, p)-form ω on X is called strictly positive, if there exist an open
covering U = {Uα} of X with an embedding iα : Uα → Vα of Uα into a
subdomain Vα in Cnα and a strictly positive (p, p)-form ωα on Vα, such that
ω |Uα= i
∗
αωα, for each α.
Now, we consider the inverse of Proposition 2.4, which is a generalization
of Corollary 3.10 in [1].
Proposition 2.6. Let f : X → Y be a smooth morphism of reduced compact
complex spaces, and n = dimX > m = dimY ≥ 2. If Y ∈ B and there exists
a point y0 in Y such that the fibre f
−1(y0) is not the (m,m)-component of
a boundary, then X ∈ B.
Proof. Considering the Catesian diagram (1), we have shown that f˜ is a
submersion of complex manifolds and q is a resolution of singularities of X.
We first claim that for every y˜ ∈ p−1(y0), f˜
−1(y˜) can not be written as
∂Q + ∂Q for some current Q of bidegree (m,m − 1) on X˜ . If not, since
f˜−1(y˜) = f−1(y0)× {y˜}, we have
[f−1(y0)] = q∗[f˜
−1(y˜)] = q∗(∂Q+ ∂Q) = ∂q∗Q+ ∂q∗Q,
which contradicts the assumption.
Now suppose y˜′ is any point in Y˜ . Since f˜ is smooth and [y˜] = λ[y˜′] in
H2m(Y˜ ,R) for some constant λ ∈ R, then
λ[f˜−1(y˜′)] = λf˜∗[y˜′] = f˜∗[y˜] = [f˜−1(y˜)]
in H2m(X˜,R), where y˜ ∈ p−1(y0), and f˜∗ : H2m(Y˜ ,R)→ H2m(X˜,R) is the
pull back of f˜ . Hence for every y˜′ ∈ Y˜ , f˜−1(y˜′) is not the (m,m)-component
of a boundary. By [1], Corollary 3.10, X˜ is balanced, hence X ∈ B.
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Using the similar method, we can easily get a proposition of this type
about the Fujiki class C , which is a generalization of Corollary 3.8 in [1].
Proposition 2.7. Let f : X → Y be a smooth morphism of reduced compact
complex spaces. Let n = dimX and m = dimY ≥ 2 satisfy n = m + 1. If
Y ∈ C and there exists a point y0 in Y such that the fibre f
−1(y0) is not the
(m,m)-component of a boundary, then X ∈ C .
3. Families of complex spaces over a nonsingular curve
In this section, we study families of complex spaces over a curve. It
should be useful in the study of deformations and moduli spaces of complex
spaces. The following two definitions are generalizations of the correspond-
ing notions defined in [21].
Definition 3.1. Let X be a reduced compact complex space of pure dimen-
sion n, and f : X → C a holomorphic map onto a nonsingular compact
complex curve.
(1) f is called essential, if for every p ∈ C, no linear combination
∑
j cj [Fj ]
can be the (1, 1)-component of a boundary on X, where the Fj
,s are all the
irreducible components of the fibre f−1(p), cj ≥ 0 and at least one of the
cj
,s is positive;
(2) f is called topologically essential, if for every p ∈ C, no linear combi-
nation
∑
j cj [Fj ] is zero in H2n−2(X,R), where the Fj
,s are all the irreducible
components of the fibre f−1(p), cj ≥ 0 and at least one of the cj
,s is positive.
We first note that, for any reduced compact complex space X of pure
dimension n and the holomorphic map f : X → C onto a nonsingular
compact complex curve, by the open mapping theorem ([18], page 109), f is
an open map. Hence for every p ∈ C, every irreducible component of f−1(p)
has dimension n− 1 ([13], 3.10 Theorem).
Moreover, the“essential” hypothesis implies “topologically essential”, and
when X is a complex manifold, the two concepts are equivalent in the cases
when dimX = 2 or H2(Ω•) = 0, where H2(Ω•) is the second cohomology of
the complex of global holomorphic forms
0→ Γ(X,O)→ Γ(X,Ω1)→ Γ(X,Ω2)→ Γ(X,Ω3)→ · · · .
where the differentials in the complex are ∂. For more details, see [21],
Proposition 5.3.
Now, we can generalize [21], Theorem 5.5 to the following situation.
Theorem 3.2. Suppose X is a purely n-dimensional compact normal com-
plex space which admits an essential holomorphic map f : X → C onto a
8 JIXIANG FU, LINGXU MENG, AND WEI XIA
nonsingular compact complex curve C, and X has a resolution of singulari-
ties π : X˜ → X such that no nonzero nonnegative linear combination of hy-
persurfaces contained in the exceptional set of π can be the (1, 1)-component
of a boundary on X˜. If every nonsingular fiber of f is a balanced manifold,
then X ∈ B.
Proof. Set f˜ := f ◦ π. For every p ∈ C, set f−1(p) = ∪iVi, where Vi are all
the irreducible components of f−1(p), which have dimension n− 1. Since X
is normal, codimXs ≥ 2, where Xs is the set of singular points of X. So
π−1(Vi) = V˜i ∪ ∪jEij ,
where V˜i = π−1(Vi −Xs) is the strict transform of Vi, and Eij are all irre-
ducible components of π−1(Vi) contained in the exceptional set of π. It is
possible that some Eij are contained in other Ekl or V˜k. We denote any Eij ,
which is not properly contained in other Ekl or V˜k, by Eij′ and we denote
any Eij , which is properly contained in other Ekl or V˜k, by Eij′′ (i.e. there
exists other Ekl or V˜k, such that Eij′′ $ Ekl or V˜k), then
f˜−1(p) = ∪i(V˜i ∪ ∪j′Eij′)
and codimEij′ = 1.
We need the following two claims.
Claim 1. f˜ is essential.
Proof. If not, we have
Σiai[V˜i] + Σij′bij′ [Eij′ ] = πn−1,n−1dT,
for some current T on X˜, ai, bij′ ≥ 0 and at least one of the ai
,s, bij′
,s is
positive. Since π(Eij′) ⊆ Xs has codimension ≥ 2, π∗[Eij′ ] = 0. Obviously,
π∗[V˜i] = [Vi], we have
Σiai[Vi] = πn−1,n−1d(π∗T )
through π∗. Since f is essential, ai = 0 for all i. So
Σij′bij′ [Eij′ ] = πn−1,n−1dT,
where bij′ ≥ 0 and at least one of the bij′
,s is positive. It contradicts the
assumption on X˜.
Claim 2. For every p ∈ C, if f˜−1(p) is nonsingular, then it is balanced.
Proof. Since f˜−1(p) = ∪i(V˜i ∪ ∪j′Eij′) is nonsingular, we have
V˜i ∩ V˜k = ∅, ∀i 6= k;
V˜i ∩ Ekl′ = ∅, ∀i, k, l
′.
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Obviously, the sets for different points p ∈ C, {Vi}i don’t intersect one
another. Since for any i, j, Eij is contained in some Ekl′ or V˜k, we have
V˜i ∩ Eij = ∅. On the other hand, if Vi ∩Xs 6= ∅, then the intersection of V˜i
and ∪jEij is not empty, so for all i, Vi don’t intersect with Xs. Hence, the
map
π : f˜−1(p) = ⊔iV˜i → f
−1(p) = ⊔iVi
is an isomorphism. Since every nonsingular fiber of f is balanced and f˜−1(p)
is nonsingular, f˜−1(p) is balanced.
Now, by the Claim 1 and 2, X˜ is balanced according to [21], Theorem
5.5. Hence, X ∈ B.
By the above theorem, we have the following corollary immediately.
Corollary 3.3. Suppose X is a purely n-dimensional compact normal com-
plex space which admits an essential holomorphic map f : X → C onto a
nonsingular compact complex curve C, and X has a desingularization X˜
whose exceptional set has codimension ≥ 2. If every nonsingular fiber of f
is a balanced manifold, then X ∈ B.
Theorem 3.4. Let X be a normal compact complex surface which admits a
topologically essential holomorphic map onto a nonsingular compact complex
curve. If X has a resolution of singularities π : X˜ → X, such that no
nonzero nonnegative linear combination of hypersurfaces contained in the
exceptional set of π, is zero in H2(X˜,R), then X is in the Fujiki class C .
Proof. Suppose f : X → C is the topologically essential holomorphic map
onto a nonsingular compact complex curve C. Set f˜ := f ◦ π.
We claim that f˜ is topologically essential. If not, there exists a point
p ∈ C,
f−1(p) = ∪iVi,
f˜−1(p) = ∪i(V˜i ∪ ∪j′Eij′),
where Vi, V˜i, Eij′ , and Xs are defined as in the proof of Theorem 3.2, and
ai, bij′ ≥ 0 and at least one of the ai
,s, bij′
,s is positive, such that
Σiai[V˜i] + Σij′bij′ [Eij′ ] = 0
in H2(X˜,R). Since π(Eij′) ⊆ Xs has codimension ≥ 2, π∗[Eij′ ] = 0. Obvi-
ously, π∗[V˜i] = [Vi], we have
Σiai[Vi] = 0
through π∗ in H2(X,R). Since f is topologically essential, ai = 0 for all i.
So
Σij′bij′ [Eij′ ] = 0
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where bij′ ≥ 0 and at least one of the bij′
,s is positive. It contradicts the
assumption on X˜.
By [21], Corollary 5.8, X˜ is Ka¨hler, so X is in the Fujiki class C .
Corollary 3.5. Let X be a normal compact complex surface which admits a
topologically essential holomorphic map onto a nonsingular compact complex
curve. If the Betti number b3(X) = 0, then X is in the Fujiki class C .
Proof. Using Theorem 3.4 and following lemma, we get this corollary imme-
diately.
Lemma 3.6. Let f : X → Y be a modification between reduced com-
pact complex spaces of dimension n. If Y is normal and the Betti number
b2n−1(Y ) = 0, then there is a exact sequence
0 // H2n−2(E,R)
i∗
// H2n−2(X,R)
f∗
// H2n−2(Y,R)
where E is the exceptional set of f , i : E → X is the inclusion. More-
over, H2n−2(E,R) = ⊕jR[Ej], where {Ej}j are all the (n − 1)-dimensional
irreducible components of E.
Proof. Consider the following commutative diagram of exact sequences of
Borel-Moore homology
H2n−1(X,R)
f∗

// HBM2n−1(U,R)
∼=

// H2n−2(E,R)

i∗
// H2n−2(X,R)
f∗

// HBM2n−2(U,R)
∼=

H2n−1(Y,R) // HBM2n−1(V,R) // H2n−2(F,R) // H2n−2(Y,R) // H
BM
2n−2(V,R)
where F = f(E), U = X −E, V = Y −F . Since Y is normal, by [18], page
215, codimY F ≥ 2, so H2n−2(F,R) = 0. Since H2n−1(Y,R) = 0, we obtain
HBM2n−1(V,R) = 0 by the second long exact sequence, hence H
BM
2n−1(U,R) = 0,
so i∗ is injective. If α ∈ Ker(f∗ : H2n−2(X,R)→ H2n−2(Y,R)), i.e. f∗(α) =
0, then the image of α in HBM2n−2(U,R) ∼= H
BM
2n−2(V,R) is zero, hence α is in
the image of i∗ by the first long exact sequence. Since H2n−2(F,R) = 0, so
f∗i∗ = 0, hence we get the short exact sequence in the lemma.
Let E1, ..., Er be all the irreducible components of E which have dimension
(n−1), R1, ..., Rs all the irreducible components of E which have dimension
smaller than (n − 1), A = ∪i 6=j(Ei ∩ Ej) ∪ ∪k 6=l(Rk ∩ Rl) ∪ ∪i,k(Ei ∩ Rk),
E′i = Ei −A ∩Ei and R
′
k = Rk −A ∩Rk. So E
′
i, R
′
k, i = 1, ..., r, k = 1, ..., s
don’t intersect one another and E − A = ∪iE
′
i ∪ ∪kR
′
k. Now, we consider
the exact sequence of Borel-Moore homology for (E,A)
H2n−2(A,R) // H2n−2(E,R) // HBM2n−2(E −A,R) // H2n−3(A,R)
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By definition of A, we know dimA ≤ n−2, soH2n−2(A,R) = H2n−3(A,R) =
0. HenceH2n−2(E,R) = HBM2n−2(E−A,R) = ⊕iH
BM
2n−2(E
′
i,R)⊕⊕kH
BM
2n−2(R
′
k,R).
By the similar method, consider the long exact sequences of Borel-Moore
homology for (Ei, A ∩ Ei), (Ri, A ∩ Ri), respectively, and dimRk ≤ n −
2, we obtain HBM2n−2(E
′
i,R) = H2n−2(Ei,R) = R[Ei] and H
BM
2n−2(R
′
k,R) =
H2n−2(Rk,R) = 0. Hence, we get H2n−2(E,R) = ⊕iR[Ei].
4. Balanced spaces
Recall that a complex manifold M is called p-Ka¨hler, if it admits a
closed strictly positive (p, p)-form (see appendix).
Definition 4.1. An n-dimensional reduced complex space X is called bal-
anced, if there is a closed strictly positive (n− 1, n− 1)-form Ω on X.
Obviously, balanced manifolds and Ka¨hler spaces are balanced spaces.
When dimX = 2, a compact balanced space X is a compact Ka¨hler space,
hence in the class B.
Proposition 4.2. IfM is a p-Ka¨hler manifold, then any (p+1)-dimensional
analytic subspace X of M is a balanced space.
Proof. Let Ω be a closed strictly positive (p, p)-form onM . Then, obviously,
the restriction of Ω to X is also a closed strictly positive (p, p)-form, so X
is a balanced space.
Now we construct a singular compact balanced space, which is not a
Ka¨hler space (even not in the Fujiki class C ).
Example 4.3 ([2]). Suppose
G = {A ∈ GL(n + 2,C) | A =

 1 X z0 In Y
0 0 1

 ,∀z ∈ C,X, Y T ∈ Cn}
and Γ ⊆ G consists of matrices with entries in Z[i]. Define ηβ2n+1 := G/Γ.
Since there exists a closed emmbedding I3 →֒ ηβ2n+1
 1 x z0 1 y
0 0 1

 7→

 1 X z0 I Y
0 0 1


where X = (x, 0, ..., 0), Y = (y, 0, ..., 0)T , the Iwasawa manifold I3 is a
complex submanifold of ηβ2n+1. Since any closed complex subspace of a
compact complex space in the Fujiki class C is also in C ([15], Lemma 4.6
(3)) and the Iwasawa manifold I3 is not in C , so ηβ2n+1 is not in C .
If H is a singular hypersurface in CPn, then ηβ5×H is a singular compact
balanced space, but not in the Fujiki class C . Indeed, by [3], (4.7), ηβ5 ×
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CPn is (n+ 3)-Ka¨hler, so ηβ5 ×H is a singular compact balanced space by
Proposition 4.2.
Next we recall several notations and theorems .
Let M be a compact complex manifold. Define the Bott-Chern cohomol-
ogy group of degree (p, q)
Hp,qBC(M) :=
Ker(d : Ap,q(M)→ Ap+q+1(M))
∂∂Ap−1,q−1(M)
.
and the Aeplli cohomology group of degree (p, q)
Hp,qA (M) :=
Ker(∂∂ : Ap,q(M)→ Ap+1,q+1(M))
∂Ap−1,q(M) + ∂Ap,q−1(M)
.
It is well known that all these groups can also be defined by means of currents
of corresponding degree.
Moreover, for every (p, q) ∈ N2, the identity induces a natural map
i : Hp,qBC(M)→ H
p,q
A (M).
In general, the map i is neither injective nor surjective. When M is a
compact complex manifold satisfying ∂∂-lemma, for every (p, q) ∈ N2, i is
an isomorphism, refer to [11], Lemma 5.15, Remarks 5.16, 5.21.
Theorem 4.4 ([5], Theorem 1.5). Let M be a complex manifold of dimen-
sion n, E a compact analytic subset and {Ei}i=1,...,s all the p-dimensional
irreducible components of E. If T is a ∂∂-closed positive (n − p, n − p)-
current on M such that suppT ⊆ E, then there exist constants ci ≥ 0 such
that T −Σsi=1ci[Ei] is supported on the union of the irreducible components
of E of dimension larger than p.
Theorem 4.5. Let X be a compact balanced space. If it has a desingular-
ization X˜, such that i : H1,1BC(X˜)→ H
1,1
A (X˜) is injective, then X ∈ B.
Proof. Set dimX = n. Suppose π : X˜ → X is the desingularization. We
need to prove that X˜ is balanced. By Theorem 1.1, it suffices to prove
that if T is a positive (1, 1)-current on X˜ which is the (1, 1)-component of a
boundary, then T = 0.
Let E ⊆ X˜ be the exceptional set of π, Ω the closed strictly positive
(n− 1, n− 1)-form on X. Since T is the (1, 1)-component of a boundary, we
have T (π∗Ω) = 0. On the other hand, we have
T (π∗Ω) =
∫
X˜
T ∧ π∗Ω
and π∗Ω is strictly positive on X˜ − E, so we obtain suppT ⊆ E.
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By Theorem 4.4 for p = n− 1, we obtain
T =
∑
i
ci[Ei],
where ci ≥ 0 and Ei are the (n − 1)-dimensional irreducible components
of E. Hence T is a closed current on X˜ . So T is an element in the class
[T ] ∈ H1,1BC(X˜). Since T is the (1, 1)-component of a boundary, i([T ]) = 0.
Beacause i is injective, we know [T ] = 0. So, there is a real 0-current Q on
X˜, such that T = i∂∂Q. Using a positive volume element of X˜, Q can be
identified with a distribution α with i∂∂α ≥ 0, i.e. α is plurisubhamonic.
Since X˜ is compact, α is a constant, by maximum principle, hence T = 0.
Theorem 4.6. Let X be a normal compact balanced space of dimension
n with the Betti number b2n−1(X) = 0. If X has a desingularization X˜
satisfying:
(2)
any nonnegative linear combination of hypersurfaces contained in the exceptional
set on X˜ which is the (1, 1)-component of a boundary is d-exact,
then X ∈ B.
Proof. Suppose T is a positive (1, 1)-current on X˜ that is a (1, 1)-component
of a boundary. As the proof in Theorem 4.5, we obtain
T =
∑
i
ci[Ei]
where ci ≥ 0, Ei are the (n − 1)-dimensional irreducible components of E.
By (2), T = dQ for some current Q on X˜, so
∑
i ci[Ei] = [T ]X˜ = 0 in
H2n−2(X˜,R). By Lemma 3.6, we get ci = 0 for all i.
Proposition 4.7. Let X be a compact balanced space. If it has a desingu-
larization X˜ whose exceptional set has codimension ≥ 2 then X ∈ B.
Proof. Suppose T is a positive (1, 1)-current on X˜ which is the (1, 1)-component
of a boundary, as the proof in Theorem 4.5, we obtain suppT ⊆ E. By The-
orem 4.4 for p = n− 1, we get T = 0 immediately.
Proposition 4.8. If f : X → Y is a local isomorphism between reduced
compact complex spaces and Y is balanced, then X is balanced. Moreover,
if f is an unramified covering map, then X is balanced if and only if Y is
balanced.
Proof. Suppose n = dimX = dimY and ΩY is a closed strictly positive
(n− 1, n− 1)-form on Y . For all x ∈ X, there is an open neighbourhood U
of x in X, an open neighbourhood V of f(x) in Y , such that f |U : U → V
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is an isomorphism. (f∗ΩY )|U = (f |U )
∗(ΩY |V ) is obviously strictly positive
and closed, so is f∗ΩY . Therefore, X is a balanced space.
If f is an unramified covering map, then for every y ∈ Y , there exists an
open neighbourhood V ⊆ Y of y, and open subsets U1, ..., Ud in X, which do
not intersect with each other, such that f−1(V ) = ∪di=1Ui and the restriction
f |Ui : Ui → V is an isomorphism for i = 1, ..., d. If X is a balanced space
and ΩX is a closed strictly positive (n − 1, n − 1)-form on X, we define a
closed strictly positive form on V
ΩV := Σ
d
i=1(f |
−1
Ui
)∗(ΩX |Ui)
If V and V ′ are two open subsets in Y as above, and V ∩ V ′ 6= φ, we can
easily check ΩV = ΩV ′ on V ∩ V
′. Hence we can construct a global closed
strictly positive (n− 1, n − 1)-form ΩY on Y , such that ΩY |V = ΩV .
5. Appendix
For the reader’s convenience, we collect here some terminology and results
needed in this paper. We refer to [20] and [22]. The following notation
“strictly positive (p, p)-form” is called positive in [15], transverse positive in
[3], an element of the interior of the cone of weakly positive (p, p)-forms in
[12] and [17].
Let V be a complex n-dimensional vector space, I = (i1, ..., ip) be a multi-
index. For ai1 , ..., aip ∈
∧1,0 V , define aI := ai1 ∧ ... ∧ aip . Denote the set of
real (p, p)-forms by
∧p,p
R V .
Definition 5.1. If e1, ..., en is a basis of
∧1,0 V , an (n, n)-form v is called
a strictly positive volume form if v = cie1 ∧ e1 ∧ ... ∧ ien ∧ en, with c > 0.
Definition 5.2. An element α of
∧p,p
R V is called strictly positive if α ∧
i(n−p)
2
aI ∧ aI is a strictly positive volume form for all a1, ..., an−p linearly
independent in
∧1,0 V .
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